ABSTRACT. For a fixed ring, different classes of ring epimorphisms and localisation maps are compared. In fact, we provide sufficient conditions for a ring epimorphism to be a universal localisation. Furthermore, we consider recollements induced by some homological ring epimorphisms and investigate whether they yield recollements of derived module categories.
INTRODUCTION
It is well-known that Ore localisations yield ring epimorphisms with a flatness condition. Different generalisations of Ore localisation, notably localisation with respect to a Gabriel filter and universal localisation, usually lack this flatness property. Localisations with respect to Gabriel filters generalise Ore localisations from a torsion-theoretic point of view. From a homological perspective, however, these localisation maps are often difficult to deal with. In fact, they are not always ring epimorphisms. Still, this setting is large enough to include all flat ring epimorphisms and these localisations are called perfect (see [24] for details). Universal localisations, as developed by Cohn ([11] ) and Schofield ([23] ), provide a technique that largely differs from the one above. In particular, they yield ring epimorphisms satisfying some nice homological properties. Universal localisations have shown to be useful in algebraic K-theory ( [19] , [20] ) and the study of tilting modules and derived module categories in representation theory ( [1] , [2] , [6] , [7] , [8] ).
In [1] , both universal and perfect localisations were used to construct (large) tilting modules. Furthermore, [1] compares perfect and universal localisations for semihereditary rings and Prüfer domains. Also, in [17] , it was proved that universal localisations are in bijection with homological ring epimorphisms for hereditary rings. These results motivate the study of universal localisations from a homological point of view, which we further in this paper, namely through our first theorem.
Theorem A (Theorem 3.3) Let f : A → B be a ring epimorphism such that B is a finitely presented left Amodule of projective dimension less or equal than one. Then f is homological if and only if it is a universal localisation.
Recent work uses universal localisations to construct interesting examples of recollements of derived module categories ( [2] , [6] , [7] , [8] ). In this setting, we prove the following theorem.
Theorem B (Theorem 4.1) Let f : A → B be a homological ring epimorphism such that B is a finitely presented left A-module of projective dimension less or equal than one. If Hom A (coker( f ), ker( f )) = 0 holds then the derived restriction functor f * induces a recollement of derived module categories
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where K f is the cone of f in D(A). Moreover, if B is a finitely presented projective left A-module then there is an isomorphism of rings End D(A) (K f ) ∼ = A/τ B (A), where τ B (A) is the trace of B in A.
The first named author is supported by DFG-SPP 1489 and the second named author by DFG-SPP 1388.
Note that theorem A cannot hold in full generality since universal localisations are not always homological ring epimorphisms (see example 2.14) just as homological ring epimorphisms are not necessarily universal localisations, notably through Keller's example in [15] . Using different methods, theorem A has also been proved independently by Chen and Xi in [8] (corollary 3.7).
Theorem B yields recollements in which both outer terms are derived module categories. These recollements are particularly relevant to recent results obtained in [3] , [4] and [18] , where a Jordan-Hölder-type theorem for derived module categories of some rings has been proved. Such a property cannot, however, hold for all rings and a counter example can be constructed using universal localisations ( [6] ). This paper is organised as follows. In section 2 we recall some preliminaries and prove some easy facts. Remark 2.5 and lemma 2.9, in particular, give information on how to construct examples in our setting. Section 3 contains theorem A and consequences for the cases of finite, injective and surjective ring epimorphisms. Also, following subsection 2.4, we generalise the comparison between universal localisations, localisations with respect to Gabriel filters and flat ring epimorphisms initiated in [1] . In section 4 we prove theorem B, while examples illustrating this result are given in section 5. In particular, we use our methods to obtain a large class of algebras which are not derived simple.
RING EPIMORPHISMS AND LOCALISATIONS
Throughout, A will be a ring with unit and K a field. We will denote the category of left (respectively, right) A-modules by A-Mod (respectively, Mod-A), its subcategory of finitely generated modules by A-mod (respectively, mod-A) and its subcategory of finitely generated projective modules by A-pro j. The derived category of left A-modules will be denoted by D(A).
2.1. Ring epimorphisms. We will be discussing some types of ring epimorphisms. Recall that a ring epimorphism is just an epimorphism in the category of rings with unit. Two ring epimorphisms f : A → B and g : A → C are said to be equivalent if there is a ring isomorphism h : B → C such that g = h f . We then say that B and C lie in the same epiclass of A. (1) f is a ring epimorphism;
Consider the following sequence of left A-modules given by a ring epimorphism f :
which we unfold into two short exact sequences, namely
The following easy observations follow from proposition 2.1.
Corollary 2.2. Let f :
A → B be a ring epimorphism. The following assertions hold.
Proof. To prove (1), consider the commutative diagram given by the epi-mono factorisation of f Proof. Since the map ψ N is an isomorphism, we can define a homomorphism of A-modules
). It is clear that g =g • ψ M and, by construction,g is the unique map satisfying this property. Clearly, every finite ring epimorphism is flat and 1-finite. Conversely, the following result holds. The following well-known result is an analogue of proposition 2.1 for homological ring epimorphisms.
Proposition 2.10. The following are equivalent for a ring homomorphism f : A → B.
(1) f is a homological ring epimorphism;
Moreover, the functor B ⊗ L
A − is left adjoint to f * . Proof. The fact that (1) is equivalent to (2) can be found in [14] (theorem 4.4).
It is easy to see that (1) is equivalent to (3). Indeed, note that
the zero map and it is an isomorphism if and only if
H i (B ⊗ L A B) = Tor A i (B, B) = 0.
Finally, we check that (3) is equivalent to (4). Consider the triangle in D(A)
and apply to it the triangle functor 
We now recall the following result from [21] , stating how homological ring epimorphisms give rise to recollements. 
Theorem 2.12 ([21], §4). Let f : A → B be a homological ring epimorphism. Then the derived restriction functor f * induces a recollement
D(B) f * G G D(A) o o o o G G Tria(K f ) o o o o ,
Universal localisations.
The following theorem defines and shows existence of universal localisations.
Theorem 2.13 ([23], Theorem 4.1). Let A be a ring and Σ a set of maps between finitely generated projective left A-modules. Then there is a ring A Σ , unique up to isomorphism, and a ring homomorphism f
Σ : A → A Σ such that (1) A Σ ⊗ A σ is an isomorphism of left A-modules for all σ ∈ Σ; (2) every ring homomorphism g : A → B such that B ⊗ A σ is an isomorphism for all σ ∈ Σ factors in a unique way through f Σ , i.e.,
there is a commutative diagram of the form
We say that the ring A Σ in the theorem is the universal localisation of A at Σ. It is well-known that the homomorphism f Σ : A → A Σ is a ring epimorphism with Tor A 1 (A Σ , A Σ ) = 0 ( [23] ). The functor A Σ ⊗ A − is called the localisation functor of the universal localisation and it is left adjoint to the restriction functor
We can also define universal localisations with respect to a certain set of A-modules. Indeed, let U be a set of finitely presented left A-modules of projective dimension less or equal than one. We denote by A U the universal localistaion of A at Σ = {σ U |U ∈ U}, where σ U : P → Q is a projective resolution of U in A-mod. Note that A U is well-defined by [11] and we will call it the universal localisation of A at U. The following easy example shows that universal localisations do not, in general, yield homological ring epimorphisms. Example 2.14. Let A be the quotient of the path algebra over K of the quiver
by the ideal generated by βα. Consider the universal localisation of A at U := {P 2 }. Note that A U and A/Ae 2 A lie in the same epiclass of A. It is easy to check that Tor A 2 (A U , A U ) = 0 and, hence, the ring epimorphism A → A U is not homological.
2.5.
Localisations with respect to Gabriel filters. These localisations generalise the torsion-theoretical properties of Ore localisations. In fact, right Gabriel filters in a ring A are in bijection with hereditary torsion classes in A-Mod. Also, in contrast with Ore or universal localisation, the localisation functor associated to a Gabriel filter is not necessarily the tensor product with the localised ring. For details and definitions we refer the reader to [24] . In what follows we discuss some properties of these localisations that motivate some of the questions answered in this paper. We start by discussing how flat ring epimorphisms relate to this notion of localisation. A localisation with respect to a Gabriel filter is said to be perfect if it yields a flat ring epimorphism. The following corollary establishes a first connection between universal localisations, localisations with respect to Gabriel filters and flat ring epimorphisms.
Corollary 2.16. If a universal localisation is a localisation with respect to a Gabriel filter then it is perfect, i.e., it yields a flat ring epimorphism.
Proof. The localisation functor of a universal localisation is the tensor product with the localised ring. The result then follows from theorem 2.15.
A SUFFICIENT CONDITION FOR UNIVERSAL LOCALISATION
In this section we provide sufficient conditions on a ring epimorphism for it to be a universal localisation. Recall that a quasi-isomorphism is a morphism of complexes inducing isomorphisms in the cohomologies. 
Define a complex as follows:
It is easy to check, by diagram chasing in (3.1), that this is a short exact sequence. Hence, B has projective dimension less or equal than one.
(2) ⇒ (1): Choose a projective resolution of B of shortest length
and consider a Cartan-Eilenberg resolution of K f given by
It is well-known (see [25] , §5.7) that there is a quasi-isomorphism from its total complex
to K f , thus finishing the proof.
Remark 3.2. This proposition can be easily generalised to B of any finite projective dimension. Since our focus is on 1-finite ring epimorphisms, it is convenient to keep the statement and proof as above.
The following theorem shows that certain homological ring epimorphisms can be characterised as universal localisations.
Theorem 3.3. Let f : A → B be a 1-finite ring epimorphism. Then f is homological if and only if it is a universal localisation.
Proof. Suppose that f is a universal localisation. Then Tor A 1 (B, B) = 0 and, since B is a left A-module of projective dimension less or equal than one, f is homological.
Conversely, let P f be a complex P −1 f g G G P 0 f of finitely generated projective left A-modules quasiisomorphic to K f , which exists by proposition 3.1. Since f is homological, by proposition 2.10, we have
showing that B ⊗ A g is an isomorphism of left A-modules. Therefore, by theorem 2.13, there is a commutative diagram of ring epimorphisms
showing that, in particular, the essential images of the corresponding restriction functors for right modules satisfy, by proposition 2.1,
In order to prove the reverse inclusion, we will see that A {g} ⊗ A f is an isomorphism of left (and right) A-modules. To do so, consider the short exact sequence
induced by the map g. Observe that a similar argument to the one in the proof of corollary 2.2(1) shows that A {g} ⊗ Aḡ is an isomorphism. Using the commutative diagram (3.1) given by the quasi-isomorphism from P f to K f and applying the functor A {g} ⊗ A − to the short exact sequences (3.2) and (2.1) we get the following diagram of left A-modules
It shows that, since A {g} ⊗ A k is an isomorphism, A {g} ⊗ A k 1 = 0 and thus A {g} ⊗ Af is an isomorphism. Now, applying the functor A {g} ⊗ A − to the sequence (2.2), we get
In order to compute Tor A 1 (A {g} , coker( f )), consider a projective resolution of coker( f ) of the form ...
and apply to it the functor A {g} ⊗ A −. By definition, A {g} ⊗ A g is an isomorphism and, therefore, the first cohomology of the new complex is zero. This shows precisely that Tor A 1 (A {g} , coker( f )) = 0 and, thus, using the epi-mono factorisation of f , we can conclude that
is an isomorphism of left A-modules. It is, however, easy to check that this is also an isomorphism of right A-modules. Hence, A {g} has a natural right B-module structure, i.e, it lies in X B . Since A {g} is a generator of X A {g} , this shows that X A {g} ⊆ X B and, thus, X A {g} = X B . By proposition 2.1, this means that A {g} and B lie in the same epiclass of A and, therefore, are isomorphic. Remark 3.4. As mentioned in the introduction, theorem 3.3 can be derived from independent current work of Chen and Xi by observing that, under our assumptions, the generalised localisation in [8] (corollary 3.7) is a universal localisation. In particular, for finite ring epimorphisms, we have the following result.
Corollary 3.6. Let f : A → B be a finite ring epimorphism. Then B lies in the same epiclass of A as the universal localisation A { f } , where f is seen as an element of A-pro j.
With further assumptions on the ring epimorphism f , the universal localisation in theorem 3.3 takes a particularly nice form. (
1) If f is injective then coker( f ) = B/A is a finitely presented A-module of projective dimension less or equal than one and B and A {B/A} lie in the same epiclass of A. (2) If f is surjective then ker( f ) is a finitely presented projective A-module and B and A {ker( f )} lie in the same epiclass of A. Moreover, if A is a finite dimensional K-algebra and f is surjective then B and A/AeA lie in the same epiclass of A, for some idempotent e in A.
Proof. Let P f be a complex P
f of finitely generated projective left A-modules quasi-isomorphic to K f , which exists by proposition 3.1.
(1) Since f is injective, g is injective and coker( f ) ∼ = coker(g) is a finitely presented A-module of projective dimension less or equal than one. By theorem 3.3, it follows that B lies in the same epiclass of A as A {g} = A {coker( f )} . (2) Since f is surjective, g is surjective and thus a split map. It follows that ker( f ) ∼ = ker(g) is a finitely presented projective A-module. Again, by theorem 3.3, we get that B lies in the same epiclass of A as A {g} , which is easily seen to be the universal localisation A {0→ker( f )} = A {ker( f )} . Note that, if f is surjective then ker( f ) is an idempotent ideal of A, since we have
Thus, if A is a finite dimensional K-algebra then ker( f ) is generated by an idempotent e in A.
As a consequence of theorem 3.3 we can also establish a comparison between universal localisations and localisations with respect to Gabriel filters, motivated by the results in [1] .
Corollary 3.8. Let A be a perfect ring and f : A → B a ring epimorphism. Then f is a universal localisation and a localisation with respect to a Gabriel filter if and only if f is flat.
Proof. If f is both a universal localisation and a localisation with respect to a Gabriel filter, it is flat by corollary 2.16. Conversely, if f is flat, it is a localisation with respect to a Gabriel filter by theorem 2.15. By proposition 2.7, since A is perfect, f is finite and, thus, a universal localisation by corollary 3.6.
RECOLLEMENTS OF DERIVED MODULE CATEGORIES
We will now use homological 1-finite ring epimorphisms to construct recollements of derived module categories. For two left A-modules M, N we denote by τ M (N) the trace of M in N, i.e., the submodule of N given by the sum of the images of all A-homomorphisms from M to N. 
Moreover, if f is finite then there is an isomorphism of rings End
Proof. By theorem 2.12, we have the following recollement of triangulated categories induced by the derived restriction functor f *
D(B)
Since B is 1-finite, by proposition 3.1, K f is quasi-isomorphic to P f , a complex P −1 f g G G P 0 f of finitely generated projective left A-modules, and therefore it is compact in D(A). We will prove that it is exceptional. Recall that (see, for example, [25] , corollary 10.
where K (A) denotes the homotopy category of complexes of left A-modules. Clearly, for all i ≥ 2 and
Since, by assumption, we know that
It remains to show that
which, by lemma 2.4, factors through the X B -reflection ψ P
−1 f
. This shows that Φ factors through B ⊗ A P f , which is zero in D(A) (see argument in the proof of theorem 3.3). Since B ⊗ A P f is a two term complex, it is also zero in K (A). Thus, we have Φ = 0 and
We conclude that K f is a compact exceptional object in D(A). Therefore, by a result of Keller ([16] , theorem 8.5), we get a recollement of derived module categories
Suppose now that f is finite and
It is easy to see that we get a surjective ring homomorphism Ω :
, whose kernel can be described by homotopy. It turns out that an element a in A lies in the kernel of Ω if and only if it exists h in Hom A (B, A) with h(1 B ) = a making the diagram Following [26] , we say that a ring A is derived simple if it does not admit a non-trivial recollement of derived module categories.
Corollary 4.2. If A admits a non-trivial homological 1-finite ring epimorphism f : A → B which is either injective or surjective, then A is not derived simple.
Let f : A → B be a finite ring epimorphism. It is well-known that, as the trace of a projective A-module in A, τ B (A) is a two-sided idempotent ideal. In particular, if A is a finite dimensional K-algebra, then τ B (A) is generated by an idempotent e, i.e., τ B (A) = AeA. More precisely, we have the following easy lemma. Following ( [10] , §2.1), for a finite dimensional K-algebra A, we call an idempotent ideal AeA of A stratifying if the associated ring epimorphism A → A/AeA is homological.
EXAMPLES
In this section we will discuss recollements arising from theorem 4.1 for three classes of homological 1-finite ring epimorphisms. Examples 5.1 and 5.2 consider the cases of injective and surjective ring epimorphisms, while proposition 5.3 and example 5.5 focus on finite ring epimorphisms which are neither injective nor surjective.
Example 5.1. Let f : A → B be a 1-finite, homological and injective ring epimorphism. Then, by corollary 3.7, B lies in the same epiclass of A as the universal localisation A {B/A} and, by [5] (theorem 3.5), the finitely generated left A-module T := A ⊕ B/A is tilting. Using theorem 4.1, we get the following recollement of derived module categories
A is a left A-module of projective dimension one, this recollement is precisely the one induced by the universal localisation A {B/A} and by the tilting module T in [2] (theorem 4.8).
Indeed, take A to be the quotient of the path algebra over K of the quiver
by the ideal generated by βα. Consider the map γ * : P 2 → P 1 in A-pro j given by multiplication with γ. Using remark 2.5, it is not difficult to see that A → A {γ * } is a 1-finite, homological and injective ring epimorphism and, thus, it yields the recollement
In fact, we can describe explicitly the outer terms of the recollement. On one hand, the universal localisation A {γ * } is Morita equivalent to the K-algebra C given by the quotient of the path algebra over K of the quiver
by the ideal generated by βα. 
Moreover, if A is a finite dimensional K-algebra then, again by corollary 3.7, B and A/AeA lie in the same epiclass of A, for some idempotent e in A. The above recollement is then the one induced by the stratifying ideal AeA of A, namely
We now give sufficient conditions for universal localisations to yield finite ring epimorphisms. In what follows, an element w = 0 of an admissible ideal I of the path algebra of a quiver is called a relation if it is a linear combination of paths with the same source and target such that for any non-trivial factorisation w = uv neither u nor v lie in I. Note that I is generated by its relations. 
Proof. By our combinatorial assumptions and lemma 2.4, it is easy to check the following isomorphism of left A-modules for each indecomposable projective A-module P k
Using remark 2.5, we conclude that f : A → A {α * } is a finite ring epimorphism and, when regarded as an A-module homomorphism, f :
is given by right multiplication with the square matrix
where α lies in position ( j, j). We now show that Hom A (coker( f ), ker( f )) = 0. Clearly, we have
Note that f is injective if and only if there is no relation in I starting at vertex i. Now assume that Hom A (coker( f ), ker( f )) = Hom A (S i , ker(α * )) = 0. Consequently, there is a non-trivial element u in e i Ae j such that αu is zero in A, a contradiction to condition (3) in the assumptions. Therefore, by theorem 4.1, we get the following recollement of derived module categories Remark 5.4. Note that similar conditions to the ones above are considered in [9] (example 3.6.2), in the setting of expansions of abelian categories. Indeed, they prove that the inclusion functor X A {α * } ֒→ A-mod is a right expansion. It is also a left expansion if the map α * is injective.
We provide an application for the proposition. by an admissible ideal I which is not a power of the ideal generated by the arrows of Q. Consequently, there are vertices i and j and an arrow α : i → j in Q such that there is no relation in I ending at vertex j. We can now apply proposition 5.3, yielding the recollement
In particular, A is not derived simple. This conclusion can also be obtained by observing that A admits a stratifying ideal AeA, for some idempotent e in A. Again by assumption, there are vertices r and s and an arrow β : r → s in Q such that there is no relation in I starting at vertex r. Hence, by multiplication with β we get an injective morphism β * : P s → P r and coker(β * ) = S r is of projective dimension 1. Now consider the universal localisation of A at U := { Since X A {U} is equivalent to add{S r }, the ring epimorphism A → A {U} is 1-finite and, hence, homological.
We conclude that the idempotent ideal AeA is stratifying and it yields the following recollement of derived module categories
Note that in many cases the algebra eAe in the above recollement can be chosen to be Morita equivalent to A {α * } . For example, let B be the quotient of the path algebra over K of the quiver 
On the other hand, the stratifying ideal Ae 2 A induces the recollement
where e 2 Ae 2 and K[x]/x 2 are isomorphic as rings.
